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2. Generative Approaches:
Parameter Learning



Motivation

Structure learning is hard!

Another solution is to directly perform parameter learning with a
fixed structure (e.g., enumerating all possible rules).

I Most research on parameter learning focuses on DMV, a form
of generative dependency grammars.

I These parameter learning methods are generally applicable for
PCFGs.

I Before introducing the DMV model, let us review a
preliminary model: HMM.
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Unsupervised POS Tagging with HMM

I Goal: find syntax clusters for each word in a sentence.

I a.k.a. POS induction: give each word xi a label zi for
sentence x.

General approach for POS induction: Hidden Markov models
(HMMs)

I Start probabilities: P(z1|z0 = START )

I Transition probabilities: P(zi |zi−1)

I Emission probabilities: P(xi |zi )
Example: To generate a sentence I swam with POS sequence
Pronoun Verb.

P(x, z) = P(z1 = Pronoun|z0 = START )

· P(z2 = Verb|z1 = Pronoun) · P(x1 = I |z1 = Pronoun)

· P(x2 = swam|z2 = Verb)
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Old Dependency Models
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[Paskin (2002) and Carroll & Charniak (1992)]



DMV with an example
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DMV Model Representation (Klein & Manning, ACL 2004)

Formal Definition (Dependency Model with Valence):

I Sentence x, parse tree z, model joint probability P(x, z; Θ)

I three kinds of grammars rules: root, attach and decision.

I dir(h, c): dependency direction from parent token h to child
token c .

I val(h) indicates valency: whether h has already generated a
child.

Rule Schema:

I Root: proot(c)

I Attach: pattach(c|h, dir)

I Decision:
pdecision(CONT |h, dir , val), pdecision(STOP|h, dir , val)
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DMV for Computing Sentence & Parse Probability

P(x, z; Θ) = proot(r(x, z))×∏
(h,c)∈z

(pattach(c |h, dir)pdecision(STOP|h, dir , val)

×
∏

dir∈{←,→}

pdecision(CONT |h, dir , val))

VBNNP JJX X

X X

X X X X



Extensions of DMV

I Headden III et al. (2009) introduced the valence into the
condition of attach sampling.

pattach(c|h, dir)⇒ pattach(c |h, dir , val)

I Spitkovsky et al. (2012) conditioned decision and child token
generation on sibling words, sentence completeness, and
punctuation context.

I Yang et al. (2020) proposed a second-order extension of DMV
that incorporates grandparent-child or sibling information (p
here).

pattach(c |h, dir)⇒ pattach(c |h, p, dir , val)
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Three Different Models of Representing Rule Probabilities

Methods Representation (Parameters: Θ)

Table-based p(c |h, dir)
Feature-based [B-K et al. 2010] p(c |h, dir) ∝ wT f(h, c , dir)
Neural-based [Jiang et al. 2016] p(c|h, dir) = softmaxc(f (h, dir))

Head POS TagValency

…
Outputs (CHILD or DECISION)

Wdir

W

Token Prob
NNP 0.7
NN 0.2
JJ 0.1

Table-based model

[0.8, -0.2, 0.3,0.4] [0, 
 1, 
 0, 
 1]

.

Feature-based model Neural-based model

p /



Differences

Drawbacks of Table-based methods: Symbols are independent with
each other. However, some words behave alike in parsing.

ROOT I play football

ROOT I played football

The feature-based and neural-based methods can tackle this
problem:

I Utilizing hand-crafted sparse features (log-linear model).

I Neuralize the grammar.
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Learned Correlations of POS tags for Neural-based Models
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[Jiang et al. 2016]



Comparisons

Methods Pros Cons

Table-based Simple parameter learning Independent symbols.
Feature-based Modeling symbol similarity Need mannual-designs
Neural-based Automatic learned similarity -



Supervised Parameter Estimation
Given a set of annotated sentences X = x1, x2, . . . , xN and parses
Z = z1, z2, . . . , zN , how to learn parameters Θ of generative
grammars.

J(Θ) = − 1

N

N∑
d=1

log P(xd , zd)︸ ︷︷ ︸
joint probability

= − 1

N

N∑
d=1

log
∑

r∈R(xd ,zd )

p(r)

︸ ︷︷ ︸
rule factorization

where p(r) is normalized.

I Table-based: parameter estimation based on cooccurrence
counts. The following is an Attach rule example:

p(c |h,→) =
count(c, h,→)

count(h,→)

I Feature-based & Neural-based: parameter estimation based
on gradiend-based algorithms.
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Unsupervised Learning

Given a set of unannotated sentences X = x1, x2, . . . , xN , how to
learn parameters Θ.

I Maximum likelihood estimation:

J(Θ) = − 1

N

N∑
d=1

logP(xd) = − 1

N

N∑
d=1

log
∑
zd

P(xd , zd)︸ ︷︷ ︸
marginalized likelihood

= − 1

N

N∑
d=1

log
∑
zd

∏
r∈R(xd ,zd )

p(r)

I Here p(r) can be parameterized by table-based, feature-based
or neural-based methods.

I EM algorithm to optimize the objective function.
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Unsupervised Learning: EM algorithms-Part 1

For unsupervised learning, a guess-and-update approach is utilized.

logP(x; Θ) =
∑

z

q(z) logP(x; Θ)

=
∑

z

q(z) log
P(x, z; Θ)

P(z|x; Θ)

=
∑

z

q(z) log
P(x, z; Θ)

q(z)

q(z)

P(z|x; Θ)

=
∑

z

q(z) log
P(x, z; Θ)

q(z)
+ KL(q(z)||P(z|x; Θ))

≥
∑

z

q(z) log
P(x, z; Θ)

q(z)



Unsupervised Learning: EM algorithms-Part 2
We can obtain a new objective function:

J ′(Θ,Q(z)) = −
N∑

d=1

(∑
zd

q(zd) log
P(xd , zd ; Θ)

q(zd)

)

= J(Θ) +
N∑

d=1

KL(q(zd)||P(zd |xd ; Θ))

I E-step, fix Θ, optimize q(zd):

arg min
Q(z)

J ′(Θ,Q(z)) = arg min
Q(z)

N∑
d=1

KL(q(zd)||P(zd |xd ; Θ))

⇒ q(zd) = P(zd |xd ; Θ)

I M-step, fix q(zd), optimize Θ:

J ′(Θ,Q(z)) = −
N∑

d=1

(∑
zd

q(zd) log
P(xd , zd ; Θ)

q(zd)

)



Unsupervised Learning: EM algorithms-Part 2
We can obtain a new objective function:

J ′(Θ,Q(z)) = −
N∑

d=1

(∑
zd

q(zd) log
P(xd , zd ; Θ)

q(zd)

)

= J(Θ) +
N∑

d=1

KL(q(zd)||P(zd |xd ; Θ))

I E-step, fix Θ, optimize q(zd):

arg min
Q(z)

J ′(Θ,Q(z)) = arg min
Q(z)

N∑
d=1

KL(q(zd)||P(zd |xd ; Θ))

⇒ q(zd) = P(zd |xd ; Θ)

I M-step, fix q(zd), optimize Θ:

J ′(Θ,Q(z)) = −
N∑

d=1

(∑
zd

q(zd) log
P(xd , zd ; Θ)

q(zd)

)



Unsupervised Learning: EM algorithms-Part 3

For table-based probabilistic grammars:

I E-step: utilize dynamic programming (the inside-outside
algorithm) to compute a vector of expected frequencies.

e(r , x) = Eq(z)c(r, x, z)

I M-step: update Θ using expected frequencies.

p(r) ∝
∑

x

e(r , x)



Unsupervised Learning: Online EM algorithms

Cons of EM algorithm:

I EM algorithm is a batch-style algorithm, suffers from slow
convergence.

I If we have large-scale unlabeled data, performing EM
algorithm is very time-consuming.

Online EM algorithm provides significant speed-up.

Key ideas

I Updating parameters (in M-step) after running E-step on a
mini-batch of samples rather than the entire corpus.

I During E-step, interpolating the q distribution with
distributions from previous steps.

[Liang et al. 2009]
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Unsupervised Learning: Modified EM algorithms

EM algorithm → Modified EM algorithm (for feature/neural-based
methods).

P

E

Dynamic Programming

Count 
Normalizing

P

E

W

Dynamic Programming

Parameter Learning

Forward 
Evaluating

[B-K et al. 2010, Jiang et al. 2016]



Unsupervised Learning: Direct Gradient Descent

Another approach is directly computing the gradient:

∇Θ logP(x) =
∑

z

P(z|x; Θ)∇Θ logP(x, z; Θ)

=
∑

z

P(z|x; Θ)
∑

r∈R(xd ,zd )

c(r, x, z)∇Θ log p(r)

=
∑

r∈R(xd ,zd )

e(r, x)∇Θ log p(r)

A trick from [Eisner. 2016]: we can use back-propagation to
calculate the expected frequencies e(r, x).

e(r, x) =
∂ logP(x; Θ)

∂ log p(r; Θ)

No need for the outside algorithm.



Problems

I MLE objective only aims to explain the training data, which
lacks of inductive bias.

I Local optima problem.



Improvements for MLE: Maximum A Posteriori

J(Θ) = − logP(Θ|X) ∝ −
N∑

d=1

log
∑
zd

P(xd , zd |Θ)︸ ︷︷ ︸
marginalized likelihood

− logP(Θ)︸ ︷︷ ︸
prior

I Probabilistic grammars are built out of multinomial
distributions, so the Dirichlet distributions are natural
candidates as priors which encourage smoothness or sparsity
[Kurihara and Sato, 2004; Johnson et al. 2007; Tu et al.
2016].

I Cohen and Smith (2008; 2009) leverage logistic-normal prior
distributions to encourage symbol correlation.

I EM is sometimes not useable in MAP inference, so variational
inference and MCMC are often used.
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Improvements for MLE: Viterbi Likelihood

J(Θ) = − 1

N
log

N∑
d=1

max
zd

P(xd , zd)

= − 1

N
log

N∑
d=1

max
zd

∏
r∈R(xd ,zd )

P(r)

I Optimized with the hard EM algorithm.

I Stronger performance in unsupervised parsing.

I Seen as a special case of entropy regularized model learning.

[Spitkovsky et al. 2010, Tu et al. 2012]
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Improvements for MLE: Contrastive Estimation

Contrastive Estimation [Smith and Eisner, 2005a,b]

J(Θ) = − 1

N
log

N∑
d=1

∑
zd s(x, z)∑

x′∈N(x′)

∑
zd s(x′, z)

where s(x, z) is the score of x and z.

I The intuition is to assign higher weight to appeared samples
and decrease the weight for neighborhood samples.

I Choice of neighborhood: linguistic knowledge.

I Examples: deleting words from x, transposing two words.
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Improvements for MLE: Posterior Regularization

Basic idea:

I Uses constraints on posterior distribution to guide parameter
learning.

I Knowledge of unlikely parses simplify learning.

J ′(Θ,Q(z)) = J(Θ) +
N∑

d=1

KL(q(zd)||P(zd |xd ; Θ)) +
N∑

d=1

f (q(zd))

I The new term is only dependent on q.

I Only the E step is affected and modified. M step remains the
same.

[Ganchev et al. 2010]
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Different Forms of Posterior Constraints

I Entropy constraints [Tu and Honavar, 2012]

f (q(z)) = −
∑

z

q(z) log q(z)

I Linguistic constraints [Naseem et al., 2010]

f (q(z)) = Eq(z)φ(x, z)

I Sparsity constraints [Gillenwater et al., 2010]

f (q(z)) = ||Eq(z)φ(x, z)||β

I Bounding recursion depth [Noji et al. 2016].

φ(x, z) is a decomposed function, which enables effective learning!



Posterior Regularization #1: Entropy Constraints

0 20 40 60 80 100
0

1

2

3

4

5

6

x 10
−24

100 Best Parses

P
ro

b
a
b
ili

ty

(a)

0 20 40 60 80 100
0

0.5

1

1.5

2

2.5

3
x 10

−3

100 Best Parses

P
ro

b
a
b
ili

ty

(b)

Figure 2: The probabilities of the 100 best parses of the example sentence produced by (a) a random grammar and (b)
a maximum-likelihood grammar learned by the EM algorithm.

of parses of the training sentences, and θ denote the
rule probabilities of the grammar. We use the slack-
penalized version of the posterior regularization ob-
jective function:

J(θ) = log p(θ|X)

−min
q,ξ

(
KL(q(Z)||pθ(Z|X)) + σ

∑
i

ξi

)
s.t. ∀i,H(zi) = −

∑
zi

q(zi) log q(zi) ≤ ξi

where σ is a nonnegative constant that controls the
strength of the regularization term; q is an auxil-
iary distribution such that q(Z) =

∏
i q(zi). The

first term in the objective function is the log poste-
rior probability of the grammar parameters given the
training corpus, and the second term minimizes the
KL-divergence between the auxiliary distribution q
and the posterior distribution on Z while constrains
q to have low entropy. We can incorporate the con-
straint into the objective function, so we get

J(θ) = log p(θ|X)

−min
q

(
KL(q(Z)||pθ(Z|X)) + σ

∑
i

H(zi)

)
To optimize this objective function, we can per-

form coordinate ascent on a two-variable function:

F (θ, q) = log p(θ|X)

−

(
KL(q(Z)||pθ(Z|X)) + σ

∑
i

H(zi)

)

There are two steps in each coordinate ascent itera-
tion. In the first step, we fix q and optimize θ. It can
be shown that

θ∗ = argmax
θ

F (θ, q)

= argmax
θ

Eq[log(pθ(X,Z)p(θ))]

This is equivalent to the M-step in the EM algorithm.
The second step fixes θ and optimizes q.

q∗ = argmax
q

F (θ, q)

= argmin
q

(
KL(q(Z)||pθ(Z|X)) + σ

∑
i

H(zi)

)
It is different from the E-step of the EM algorithm
in that it contains an additional regularization term
σ
∑

iH(zi). Ganchev et al. (2010) propose to use
the projected subgradient method to solve this op-
timization problem in the general case of posterior
regularization. In our case, however, it is possible to
obtain an analytical solution as shown below.

First, note that the optimization objective of this
step can be rewritten as the sum over functions of
individual training sentences.

KL(q(Z)||pθ(Z|X)) + σ
∑
i

H(zi) =
∑
i

fi(q)

where

fi(q) = KL(q(zi)||pθ(zi|xi)) + σH(zi)

=
∑
zi

(
q(zi) log

q(zi)
1−σ

pθ(zi|xi)

)
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Figure 1: The probabilities of the 100 best parses of the
example sentence.

natural language sentence, the probability mass of
the parses is concentrated to a tiny portion of all pos-
sible parses. This is not surprising in light of the fact
that the main purpose of natural language is commu-
nication and in the course of language evolution the
selection pressure for more efficient communication
would favor unambiguous languages.

To highlight the unambiguity of natural language
grammars, here we compare the parse probabilities
shown in Figure 1 with the parse probabilities pro-
duced by two other probabilistic context-free gram-
mars. In figure 2(a) we show the probabilities of the
100 best parses of the example sentence produced
by a random grammar. The random grammar has a
similar number of nonterminals as in the Berkeley
parser, and its grammar rule probabilities are sam-
pled from a uniform distribution and then normal-
ized. It can be seen that unlike the natural language
grammar, the random grammar produces a very uni-
form probability distribution over parses. Figure
2(b) shows the probabilities of the 100 best parses
of the example sentence produced by a maximum-
likelihood grammar learned from the unannotated
Wall Street Journal corpus of the Penn Treebank us-
ing the EM algorithm. An exponential decrease can
be observed in the probabilities, but the probabil-
ity mass is still much less concentrated than in the
case of the natural language grammar. Again, we
confirmed this observation by repeating the exper-
iments on many other natural language sentences.
This suggests that both the random grammar and the
maximum-likelihood grammar are far more ambigu-
ous on natural language sentences than true natural

language grammars.

3 Learning with Unambiguity
Regularization

Motivated by the preceding observation, we want to
incorporate into learning an inductive bias in favor
of grammars that are unambiguous on natural lan-
guage sentences. First of all, we need a precise defi-
nition of the ambiguity of a grammar on a sentence.
Assume a grammar with a fixed set of grammar rules
and let θ be the rule probabilities. Let x represent a
sentence and let z represent the parse of x. One natu-
ral measurement of the ambiguity is the information
entropy of z conditioned on x and θ:

H(z|x, θ) = −
∑
z

pθ(z|x) log pθ(z|x)

The lower the entropy is, the less ambiguous the
grammar is on sentence x. When the entropy
reaches 0, the grammar is strictly unambiguous on
sentence x, i.e., sentence x has a unique parse ac-
cording to the grammar.

Now we need to modify the objective function
of grammar learning to favor low ambiguity of the
learned grammar in parsing natural langauge sen-
tences. One approach is to use a prior distribu-
tion that favors grammars with low ambiguity on
the sentences that they generate. Since the likeli-
hood term in the objective function would ensure
that the learned grammar will have high probability
of generating natural language sentences, combin-
ing the likelihood and the prior would lead to low
ambiguity of the learned grammar on natural lan-
guage sentences. Unfortunately, adding this prior
to the objective function makes learning intractable.
Hence, here we adopt an alternative approach using
the posterior regularization framework (Ganchev et
al., 2010). Posterior regularization biases learning
in favor of solutions with desired behavior by con-
straining the model posteriors on the unlabeled data.
In our case, we use the constraint that the probability
distributions on the parses of the training sentences
given the learned grammar must have low entropy,
which is equivalent to requiring the learned grammar
to have low ambiguity on the training sentences.

Let X = {x1, x2, . . . , xn} denote the set of train-
ing sentences, Z = {z1, z2, . . . , zn} denote the set

Figure 1: up-left/up-right/down: distribution from random grammar/EM
learned model/supervisedly learned grammar, [Tu et al. 2012]



Posterior Regularization #2: Linguistic Constraints

z: ROOT I play football too

z′: ROOT I play football too

A set of predefined linguistic rules [Naseem et al. 2010], like:

VERB → VERB NOUN → NOUN

VERB → NOUN NOUN → ADJ

VERB → PRON NOUN → DET

VERB → ADV NOUN → NUM

VERB → ADP NOUN → CONJ

ADJ → ADV ADP → NOUN

In this example, φ(x, z) = 2, φ(x, z′) = 1
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Improvements for Avoiding Local Minimum
I Deterministic annealing [Smith and Eisner, 2004]: start with a

concave objective and gradually move to the actual
non-concave objective.

I Structural annealing [Smith and Eisner, 2006]: gradually
decrease structural biases.

I Curriculum learning [Spitkovsky et al. 2010; Tu et al. 2011]:
start learning from short sentences; gradually increase training
sentence length limit.

I Switching between different objectives [Spitkovsky et al.
2013].

I Treating different learning algorithms and configurations as
modules and connecting them to form a network [Spitkovsky
et al., 2013].

I Gibbs sampling [Johnson et al., 2007]: may incorporate
constraints and biases, e.g., depth-bound [Jin et al., 2018a,b],
subtree reducibility [Mareček and Žabokrtský, 2012; Mareček
and Straka, 2013].
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z3
<latexit sha1_base64="VwYPdoeVjXkUU912kwmjdymaS+E=">AAACCHicZVBLTsMwFHT4lvIrsGQTUSGxqKoEkIBdBRuWRRBaqY0qx3Vaq3Yc2S9IJeoJEFs4ByvElltwDG6Ak2ZB2ydZbzxvnjWeIOZMg+P8WEvLK6tr66WN8ubW9s5uZW//UctEEeoRyaVqB1hTziLqAQNO27GiWASctoLRTTZvPVGlmYweYBxTX+BBxEJGMBjq/rl31qtUnbqTl70I3AJUUVHNXuW325ckETQCwrHWHdeJwU+xAkY4nZS7iaYxJiM8oB0DIyyo9tPc6sQ+NkzfDqUyJwI7Z/9vpFhogWFolFnTM7OMASm5rhkVDEXWsmfyux6LoBaIWiZSOtRzRiC89FMWxQnQiEx9hAm3QdpZLHafKUqAjw3ARDHzFZsMscIETHhlk5E7n8gi8E7rV3Xn7rzauC7CKqFDdIROkIsuUAPdoibyEEED9Ire0Lv1Yn1Yn9bXVLpkFTsHaKas7z/xkZqy</latexit><latexit sha1_base64="VwYPdoeVjXkUU912kwmjdymaS+E=">AAACCHicZVBLTsMwFHT4lvIrsGQTUSGxqKoEkIBdBRuWRRBaqY0qx3Vaq3Yc2S9IJeoJEFs4ByvElltwDG6Ak2ZB2ydZbzxvnjWeIOZMg+P8WEvLK6tr66WN8ubW9s5uZW//UctEEeoRyaVqB1hTziLqAQNO27GiWASctoLRTTZvPVGlmYweYBxTX+BBxEJGMBjq/rl31qtUnbqTl70I3AJUUVHNXuW325ckETQCwrHWHdeJwU+xAkY4nZS7iaYxJiM8oB0DIyyo9tPc6sQ+NkzfDqUyJwI7Z/9vpFhogWFolFnTM7OMASm5rhkVDEXWsmfyux6LoBaIWiZSOtRzRiC89FMWxQnQiEx9hAm3QdpZLHafKUqAjw3ARDHzFZsMscIETHhlk5E7n8gi8E7rV3Xn7rzauC7CKqFDdIROkIsuUAPdoibyEEED9Ire0Lv1Yn1Yn9bXVLpkFTsHaKas7z/xkZqy</latexit><latexit sha1_base64="VwYPdoeVjXkUU912kwmjdymaS+E=">AAACCHicZVBLTsMwFHT4lvIrsGQTUSGxqKoEkIBdBRuWRRBaqY0qx3Vaq3Yc2S9IJeoJEFs4ByvElltwDG6Ak2ZB2ydZbzxvnjWeIOZMg+P8WEvLK6tr66WN8ubW9s5uZW//UctEEeoRyaVqB1hTziLqAQNO27GiWASctoLRTTZvPVGlmYweYBxTX+BBxEJGMBjq/rl31qtUnbqTl70I3AJUUVHNXuW325ckETQCwrHWHdeJwU+xAkY4nZS7iaYxJiM8oB0DIyyo9tPc6sQ+NkzfDqUyJwI7Z/9vpFhogWFolFnTM7OMASm5rhkVDEXWsmfyux6LoBaIWiZSOtRzRiC89FMWxQnQiEx9hAm3QdpZLHafKUqAjw3ARDHzFZsMscIETHhlk5E7n8gi8E7rV3Xn7rzauC7CKqFDdIROkIsuUAPdoibyEEED9Ire0Lv1Yn1Yn9bXVLpkFTsHaKas7z/xkZqy</latexit>

x3
<latexit sha1_base64="r7RTsVKDbYXIRCyPj9szuInKMVA=">AAACDXicZVDLSgMxFM3UV62vqks3g0VwUcqMCuqu6MZlBccW2qFk0kwbmkyG5I5Yhv6DuNXvcCVu/QY/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DRy0TRahHJJeqE2BNOYuoBww47cSKYhFw2g7Gt9m8/USVZjJ6gElMfYGHEQsZwWCoTi8Q6fO0f96v1pyGk5e9DNwC1FBRrX71tzeQJBE0AsKx1l3XicFPsQJGOJ1WeommMSZjPKRdAyMsqPbT3O/UPjHMwA6lMicCO2f/b6RYaIFhZJRZ03OzjAEpua4bFYxE1rJn8rueiKAeiHomUjrUC0YgvPJTFsUJ0IjMfIQJt0HaWTb2gClKgE8MwEQx8xWbjLDCBEyCFZORu5jIMvDOGtcN5/6i1rwpwiqjI3SMTpGLLlET3aEW8hBBHL2iN/RuvVgf1qf1NZOWrGLnEM2V9f0HLzudBQ==</latexit><latexit sha1_base64="r7RTsVKDbYXIRCyPj9szuInKMVA=">AAACDXicZVDLSgMxFM3UV62vqks3g0VwUcqMCuqu6MZlBccW2qFk0kwbmkyG5I5Yhv6DuNXvcCVu/QY/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DRy0TRahHJJeqE2BNOYuoBww47cSKYhFw2g7Gt9m8/USVZjJ6gElMfYGHEQsZwWCoTi8Q6fO0f96v1pyGk5e9DNwC1FBRrX71tzeQJBE0AsKx1l3XicFPsQJGOJ1WeommMSZjPKRdAyMsqPbT3O/UPjHMwA6lMicCO2f/b6RYaIFhZJRZ03OzjAEpua4bFYxE1rJn8rueiKAeiHomUjrUC0YgvPJTFsUJ0IjMfIQJt0HaWTb2gClKgE8MwEQx8xWbjLDCBEyCFZORu5jIMvDOGtcN5/6i1rwpwiqjI3SMTpGLLlET3aEW8hBBHL2iN/RuvVgf1qf1NZOWrGLnEM2V9f0HLzudBQ==</latexit><latexit sha1_base64="r7RTsVKDbYXIRCyPj9szuInKMVA=">AAACDXicZVDLSgMxFM3UV62vqks3g0VwUcqMCuqu6MZlBccW2qFk0kwbmkyG5I5Yhv6DuNXvcCVu/QY/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DRy0TRahHJJeqE2BNOYuoBww47cSKYhFw2g7Gt9m8/USVZjJ6gElMfYGHEQsZwWCoTi8Q6fO0f96v1pyGk5e9DNwC1FBRrX71tzeQJBE0AsKx1l3XicFPsQJGOJ1WeommMSZjPKRdAyMsqPbT3O/UPjHMwA6lMicCO2f/b6RYaIFhZJRZ03OzjAEpua4bFYxE1rJn8rueiKAeiHomUjrUC0YgvPJTFsUJ0IjMfIQJt0HaWTb2gClKgE8MwEQx8xWbjLDCBEyCFZORu5jIMvDOGtcN5/6i1rwpwiqjI3SMTpGLLlET3aEW8hBBHL2iN/RuvVgf1qf1NZOWrGLnEM2V9f0HLzudBQ==</latexit>

x2
<latexit sha1_base64="OUe9NQ3ny9IilmHPU3ONQ4TtfRo=">AAACDXicZVDLSgMxFM3UV62vqks3g0VwUcpMEdRd0Y3LCo4ttEPJpJk2NJkMyR2xDP0Hcavf4Urc+g1+hn9gZjoL214I9+Tcc8PJCWLONDjOj1VaW9/Y3CpvV3Z29/YPqodHj1omilCPSC5VN8CachZRDxhw2o0VxSLgtBNMbrN554kqzWT0ANOY+gKPIhYygsFQ3X4g0ufZoDmo1pyGk5e9CtwC1FBR7UH1tz+UJBE0AsKx1j3XicFPsQJGOJ1V+ommMSYTPKI9AyMsqPbT3O/MPjPM0A6lMicCO2f/b6RYaIFhbJRZ0wuzjAEpua4bFYxF1rJn8rueiqAeiHomUjrUS0YgvPJTFsUJ0IjMfYQJt0HaWTb2kClKgE8NwEQx8xWbjLHCBEyCFZORu5zIKvCajeuGc39Ra90UYZXRCTpF58hFl6iF7lAbeYggjl7RG3q3XqwP69P6mktLVrFzjBbK+v4DLZmdBA==</latexit><latexit sha1_base64="OUe9NQ3ny9IilmHPU3ONQ4TtfRo=">AAACDXicZVDLSgMxFM3UV62vqks3g0VwUcpMEdRd0Y3LCo4ttEPJpJk2NJkMyR2xDP0Hcavf4Urc+g1+hn9gZjoL214I9+Tcc8PJCWLONDjOj1VaW9/Y3CpvV3Z29/YPqodHj1omilCPSC5VN8CachZRDxhw2o0VxSLgtBNMbrN554kqzWT0ANOY+gKPIhYygsFQ3X4g0ufZoDmo1pyGk5e9CtwC1FBR7UH1tz+UJBE0AsKx1j3XicFPsQJGOJ1V+ommMSYTPKI9AyMsqPbT3O/MPjPM0A6lMicCO2f/b6RYaIFhbJRZ0wuzjAEpua4bFYxF1rJn8rueiqAeiHomUjrUS0YgvPJTFsUJ0IjMfYQJt0HaWTb2kClKgE8NwEQx8xWbjLHCBEyCFZORu5zIKvCajeuGc39Ra90UYZXRCTpF58hFl6iF7lAbeYggjl7RG3q3XqwP69P6mktLVrFzjBbK+v4DLZmdBA==</latexit><latexit sha1_base64="OUe9NQ3ny9IilmHPU3ONQ4TtfRo=">AAACDXicZVDLSgMxFM3UV62vqks3g0VwUcpMEdRd0Y3LCo4ttEPJpJk2NJkMyR2xDP0Hcavf4Urc+g1+hn9gZjoL214I9+Tcc8PJCWLONDjOj1VaW9/Y3CpvV3Z29/YPqodHj1omilCPSC5VN8CachZRDxhw2o0VxSLgtBNMbrN554kqzWT0ANOY+gKPIhYygsFQ3X4g0ufZoDmo1pyGk5e9CtwC1FBR7UH1tz+UJBE0AsKx1j3XicFPsQJGOJ1V+ommMSYTPKI9AyMsqPbT3O/MPjPM0A6lMicCO2f/b6RYaIFhbJRZ0wuzjAEpua4bFYxF1rJn8rueiqAeiHomUjrUS0YgvPJTFsUJ0IjMfYQJt0HaWTb2kClKgE8NwEQx8xWbjLHCBEyCFZORu5zIKvCajeuGc39Ra90UYZXRCTpF58hFl6iF7lAbeYggjl7RG3q3XqwP69P6mktLVrFzjBbK+v4DLZmdBA==</latexit>

x1
<latexit sha1_base64="wPlw8y/0IqfHJrazcSQaHuwQ07k=">AAACDXicZVDLSgMxFM34rPVVdekmWAQXpcyIoO6KblxWcGyhLSWTZtrQZDIkd8Qy9B/ErX6HK3HrN/gZ/oGZ6SxseyHck3PPDScniAU34Lo/zsrq2vrGZmmrvL2zu7dfOTh8NCrRlPlUCaXbATFM8Ij5wEGwdqwZkYFgrWB8m81bT0wbrqIHmMSsJ8kw4iGnBCzV7gYyfZ72vX6l6tbdvPAy8ApQRUU1+5Xf7kDRRLIIqCDGdDw3hl5KNHAq2LTcTQyLCR2TIetYGBHJTC/N/U7xqWUGOFTanghwzv7fSIk0ksDIKrNm5mYZA0oJU7MqGMmsZc/kdzORQS2QtUykTWgWjEB41Ut5FCfAIjrzESYCg8JZNnjANaMgJhYQqrn9CqYjogkFm2DZZuQtJrIM/PP6dd29v6g2boqwSugYnaAz5KFL1EB3qIl8RJFAr+gNvTsvzofz6XzNpCtOsXOE5sr5/gMr950D</latexit><latexit sha1_base64="wPlw8y/0IqfHJrazcSQaHuwQ07k=">AAACDXicZVDLSgMxFM34rPVVdekmWAQXpcyIoO6KblxWcGyhLSWTZtrQZDIkd8Qy9B/ErX6HK3HrN/gZ/oGZ6SxseyHck3PPDScniAU34Lo/zsrq2vrGZmmrvL2zu7dfOTh8NCrRlPlUCaXbATFM8Ij5wEGwdqwZkYFgrWB8m81bT0wbrqIHmMSsJ8kw4iGnBCzV7gYyfZ72vX6l6tbdvPAy8ApQRUU1+5Xf7kDRRLIIqCDGdDw3hl5KNHAq2LTcTQyLCR2TIetYGBHJTC/N/U7xqWUGOFTanghwzv7fSIk0ksDIKrNm5mYZA0oJU7MqGMmsZc/kdzORQS2QtUykTWgWjEB41Ut5FCfAIjrzESYCg8JZNnjANaMgJhYQqrn9CqYjogkFm2DZZuQtJrIM/PP6dd29v6g2boqwSugYnaAz5KFL1EB3qIl8RJFAr+gNvTsvzofz6XzNpCtOsXOE5sr5/gMr950D</latexit><latexit sha1_base64="wPlw8y/0IqfHJrazcSQaHuwQ07k=">AAACDXicZVDLSgMxFM34rPVVdekmWAQXpcyIoO6KblxWcGyhLSWTZtrQZDIkd8Qy9B/ErX6HK3HrN/gZ/oGZ6SxseyHck3PPDScniAU34Lo/zsrq2vrGZmmrvL2zu7dfOTh8NCrRlPlUCaXbATFM8Ij5wEGwdqwZkYFgrWB8m81bT0wbrqIHmMSsJ8kw4iGnBCzV7gYyfZ72vX6l6tbdvPAy8ApQRUU1+5Xf7kDRRLIIqCDGdDw3hl5KNHAq2LTcTQyLCR2TIetYGBHJTC/N/U7xqWUGOFTanghwzv7fSIk0ksDIKrNm5mYZA0oJU7MqGMmsZc/kdzORQS2QtUykTWgWjEB41Ut5FCfAIjrzESYCg8JZNnjANaMgJhYQqrn9CqYjogkFm2DZZuQtJrIM/PP6dd29v6g2boqwSugYnaAz5KFL1EB3qIl8RJFAr+gNvTsvzofz6XzNpCtOsXOE5sr5/gMr950D</latexit>

e1
<latexit sha1_base64="WgitCLnES1r4TeJXeVDWd7cTvpM=">AAACDXicZVDLSgMxFM3UV62vqks3wSK4KGVGBHVXdOOygmMLbSmZNNOGJpMhuSOUof8gbvU7XIlbv8HP8A/MTGdh2wvhnpx7bjg5QSy4Adf9cUpr6xubW+Xtys7u3v5B9fDoyahEU+ZTJZTuBMQwwSPmAwfBOrFmRAaCtYPJXTZvPzNtuIoeYRqzviSjiIecErBUpxfIlM0G3qBacxtuXngVeAWooaJag+pvb6hoIlkEVBBjup4bQz8lGjgVbFbpJYbFhE7IiHUtjIhkpp/mfmf4zDJDHCptTwQ4Z/9vpEQaSWBslVkzC7OMAaWEqVsVjGXWsmfyu5nKoB7IeibSJjRLRiC87qc8ihNgEZ37CBOBQeEsGzzkmlEQUwsI1dx+BdMx0YSCTbBiM/KWE1kF/kXjpuE+XNaat0VYZXSCTtE58tAVaqJ71EI+okigV/SG3p0X58P5dL7m0pJT7ByjhXK+/wAMuJzw</latexit><latexit sha1_base64="WgitCLnES1r4TeJXeVDWd7cTvpM=">AAACDXicZVDLSgMxFM3UV62vqks3wSK4KGVGBHVXdOOygmMLbSmZNNOGJpMhuSOUof8gbvU7XIlbv8HP8A/MTGdh2wvhnpx7bjg5QSy4Adf9cUpr6xubW+Xtys7u3v5B9fDoyahEU+ZTJZTuBMQwwSPmAwfBOrFmRAaCtYPJXTZvPzNtuIoeYRqzviSjiIecErBUpxfIlM0G3qBacxtuXngVeAWooaJag+pvb6hoIlkEVBBjup4bQz8lGjgVbFbpJYbFhE7IiHUtjIhkpp/mfmf4zDJDHCptTwQ4Z/9vpEQaSWBslVkzC7OMAaWEqVsVjGXWsmfyu5nKoB7IeibSJjRLRiC87qc8ihNgEZ37CBOBQeEsGzzkmlEQUwsI1dx+BdMx0YSCTbBiM/KWE1kF/kXjpuE+XNaat0VYZXSCTtE58tAVaqJ71EI+okigV/SG3p0X58P5dL7m0pJT7ByjhXK+/wAMuJzw</latexit><latexit sha1_base64="WgitCLnES1r4TeJXeVDWd7cTvpM=">AAACDXicZVDLSgMxFM3UV62vqks3wSK4KGVGBHVXdOOygmMLbSmZNNOGJpMhuSOUof8gbvU7XIlbv8HP8A/MTGdh2wvhnpx7bjg5QSy4Adf9cUpr6xubW+Xtys7u3v5B9fDoyahEU+ZTJZTuBMQwwSPmAwfBOrFmRAaCtYPJXTZvPzNtuIoeYRqzviSjiIecErBUpxfIlM0G3qBacxtuXngVeAWooaJag+pvb6hoIlkEVBBjup4bQz8lGjgVbFbpJYbFhE7IiHUtjIhkpp/mfmf4zDJDHCptTwQ4Z/9vpEQaSWBslVkzC7OMAaWEqVsVjGXWsmfyu5nKoB7IeibSJjRLRiC87qc8ihNgEZ37CBOBQeEsGzzkmlEQUwsI1dx+BdMx0YSCTbBiM/KWE1kF/kXjpuE+XNaat0VYZXSCTtE58tAVaqJ71EI+okigV/SG3p0X58P5dL7m0pJT7ByjhXK+/wAMuJzw</latexit>

e2
<latexit sha1_base64="wBcNk6euWGMrg+Da+mnoLSs6/Fg=">AAACDXicZVDLSgMxFM3UV62vqks3g0VwUcq0COqu6MZlBUcL7VAyaaYNzWNI7ghl6D+IW/0OV+LWb/Az/AMz01nY9kK4J+eeG05OGHNmwPN+nNLa+sbmVnm7srO7t39QPTx6NCrRhPpEcaW7ITaUM0l9YMBpN9YUi5DTp3Bym82fnqk2TMkHmMY0EHgkWcQIBkt1+6FI6WzQGlRrXsPLy10FzQLUUFGdQfW3P1QkEVQC4diYXtOLIUixBkY4nVX6iaExJhM8oj0LJRbUBGnud+aeWWboRkrbI8HN2f8bKRZGYBhbZdbMwixjQClu6lYFY5G17Jn8bqYirIeinom0icySEYiugpTJOAEqydxHlHAXlJtl4w6ZpgT41AJMNLNfcckYa0zAJlixGTWXE1kFfqtx3fDuL2rtmyKsMjpBp+gcNdElaqM71EE+IoijV/SG3p0X58P5dL7m0pJT7ByjhXK+/wAOWpzx</latexit><latexit sha1_base64="wBcNk6euWGMrg+Da+mnoLSs6/Fg=">AAACDXicZVDLSgMxFM3UV62vqks3g0VwUcq0COqu6MZlBUcL7VAyaaYNzWNI7ghl6D+IW/0OV+LWb/Az/AMz01nY9kK4J+eeG05OGHNmwPN+nNLa+sbmVnm7srO7t39QPTx6NCrRhPpEcaW7ITaUM0l9YMBpN9YUi5DTp3Bym82fnqk2TMkHmMY0EHgkWcQIBkt1+6FI6WzQGlRrXsPLy10FzQLUUFGdQfW3P1QkEVQC4diYXtOLIUixBkY4nVX6iaExJhM8oj0LJRbUBGnud+aeWWboRkrbI8HN2f8bKRZGYBhbZdbMwixjQClu6lYFY5G17Jn8bqYirIeinom0icySEYiugpTJOAEqydxHlHAXlJtl4w6ZpgT41AJMNLNfcckYa0zAJlixGTWXE1kFfqtx3fDuL2rtmyKsMjpBp+gcNdElaqM71EE+IoijV/SG3p0X58P5dL7m0pJT7ByjhXK+/wAOWpzx</latexit><latexit sha1_base64="wBcNk6euWGMrg+Da+mnoLSs6/Fg=">AAACDXicZVDLSgMxFM3UV62vqks3g0VwUcq0COqu6MZlBUcL7VAyaaYNzWNI7ghl6D+IW/0OV+LWb/Az/AMz01nY9kK4J+eeG05OGHNmwPN+nNLa+sbmVnm7srO7t39QPTx6NCrRhPpEcaW7ITaUM0l9YMBpN9YUi5DTp3Bym82fnqk2TMkHmMY0EHgkWcQIBkt1+6FI6WzQGlRrXsPLy10FzQLUUFGdQfW3P1QkEVQC4diYXtOLIUixBkY4nVX6iaExJhM8oj0LJRbUBGnud+aeWWboRkrbI8HN2f8bKRZGYBhbZdbMwixjQClu6lYFY5G17Jn8bqYirIeinom0icySEYiugpTJOAEqydxHlHAXlJtl4w6ZpgT41AJMNLNfcckYa0zAJlixGTWXE1kFfqtx3fDuL2rtmyKsMjpBp+gcNdElaqM71EE+IoijV/SG3p0X58P5dL7m0pJT7ByjhXK+/wAOWpzx</latexit>

e3
<latexit sha1_base64="LgiizHRmhHOKEEbwqVR4tWBS3lw=">AAACDXicZVDLTgIxFL2DL8QXauLGzURi4oKQQRfqjujGJSQiJECwUzrQ0E4n7R0TMuEfjFv9DlfGrd/gxn/wD+wAC4GbNPf03HOb0+NHghv0vG8ns7K6tr6R3cxtbe/s7uX3Dx6MijVldaqE0k2fGCZ4yOrIUbBmpBmRvmANf3ibzhtPTBuuwnscRawjST/kAacELdVs+zJh4+5FN1/wSt6k3GVQnoFC5aj28wgA1W7+t91TNJYsRCqIMa2yF2EnIRo5FWyca8eGRYQOSZ+1LAyJZKaTTPyO3VPL9NxAaXtCdCfs/42ESCMJDqwybWZuljKolDBFq8KBTFv6zORuRtIv+rKYirQJzIIRDK46CQ+jGFlIpz6CWLio3DQbt8c1oyhGFhCquf2KSwdEE4o2wZzNqLyYyDKon5euS17NZnUD08rCMZzAGZThEipwB1WoAwUBL/AKb86z8+58OJ9TacaZ7RzCXDlff9YqntM=</latexit><latexit sha1_base64="RMNkU799kfoHwXHS6vi9XiRQ2tw=">AAACDXicZVDLSgMxFM3UV62vquDGzWARXJQy1YW6K3XjsgXHFtqhZNJMG5pMhuSOUIb+g7jVX3DrSlwJfoMb/8E/MDPtwrYXwj0599xwcvyIMw2O823lVlbX1jfym4Wt7Z3dveL+wb2WsSLUJZJL1faxppyF1AUGnLYjRbHwOW35o5t03nqgSjMZ3sE4op7Ag5AFjGAwVLvri4ROehe9YsmpOFnZy6A6A6XaUfOHvdY/G73ib7cvSSxoCIRjrTtVJwIvwQoY4XRS6MaaRpiM8IB2DAyxoNpLMr8T+9QwfTuQypwQ7Iz9v5FgoQWGoVGmTc/NUgak5LpsVDAUaUufye56LPyyL8qpSOlALxiB4MpLWBjFQEMy9RHE3AZpp9nYfaYoAT42ABPFzFdsMsQKEzAJFkxG1cVEloF7XrmuOE2TVR1NK4+O0Qk6Q1V0iWroFjWQiwji6Ak9oxfr0Xqz3q2PqTRnzXYO0VxZX39bgqCP</latexit><latexit sha1_base64="RMNkU799kfoHwXHS6vi9XiRQ2tw=">AAACDXicZVDLSgMxFM3UV62vquDGzWARXJQy1YW6K3XjsgXHFtqhZNJMG5pMhuSOUIb+g7jVX3DrSlwJfoMb/8E/MDPtwrYXwj0599xwcvyIMw2O823lVlbX1jfym4Wt7Z3dveL+wb2WsSLUJZJL1faxppyF1AUGnLYjRbHwOW35o5t03nqgSjMZ3sE4op7Ag5AFjGAwVLvri4ROehe9YsmpOFnZy6A6A6XaUfOHvdY/G73ib7cvSSxoCIRjrTtVJwIvwQoY4XRS6MaaRpiM8IB2DAyxoNpLMr8T+9QwfTuQypwQ7Iz9v5FgoQWGoVGmTc/NUgak5LpsVDAUaUufye56LPyyL8qpSOlALxiB4MpLWBjFQEMy9RHE3AZpp9nYfaYoAT42ABPFzFdsMsQKEzAJFkxG1cVEloF7XrmuOE2TVR1NK4+O0Qk6Q1V0iWroFjWQiwji6Ak9oxfr0Xqz3q2PqTRnzXYO0VxZX39bgqCP</latexit>

f�(e)
<latexit sha1_base64="8oxgnabmEamXCM6ELWdhWTrrt8c="></latexit><latexit sha1_base64="JbCPJ2fHAGZa8Ebw6DTj/vvFjWE="></latexit><latexit sha1_base64="JbCPJ2fHAGZa8Ebw6DTj/vvFjWE="></latexit>

DMV prior

Markov prior

z1
<latexit sha1_base64="jbtr+W9vpRfg2saI7YImOblkNik=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcqMCOqu6MZlRccW2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DRy0TRahHJJeqE2BNOYuoBww47cSKYhFw2g7GN9m8/USVZjJ6gElMfYGHEQsZwWCo++e+26/WnIaTl70M3ALUUFGtfvW3N5AkETQCwrHWXdeJwU+xAkY4nVZ6iaYxJmM8pF0DIyyo9tPc6tQ+MczADqUyJwI7Z/9vpFhogWFklFnTc7OMASm5rhsVjETWsmfyu56IoB6IeiZSOtQLRiC89FMWxQnQiMx8hAm3QdpZLPaAKUqATwzARDHzFZuMsMIETHgVk5G7mMgy8M4aVw3n7rzWvC7CKqMjdIxOkYsuUBPdohbyEEFD9Ire0Lv1Yn1Yn9bXTFqyip1DNFfW9x/uTZqw</latexit><latexit sha1_base64="jbtr+W9vpRfg2saI7YImOblkNik=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcqMCOqu6MZlRccW2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DRy0TRahHJJeqE2BNOYuoBww47cSKYhFw2g7GN9m8/USVZjJ6gElMfYGHEQsZwWCo++e+26/WnIaTl70M3ALUUFGtfvW3N5AkETQCwrHWXdeJwU+xAkY4nVZ6iaYxJmM8pF0DIyyo9tPc6tQ+MczADqUyJwI7Z/9vpFhogWFklFnTc7OMASm5rhsVjETWsmfyu56IoB6IeiZSOtQLRiC89FMWxQnQiMx8hAm3QdpZLPaAKUqATwzARDHzFZuMsMIETHgVk5G7mMgy8M4aVw3n7rzWvC7CKqMjdIxOkYsuUBPdohbyEEFD9Ire0Lv1Yn1Yn9bXTFqyip1DNFfW9x/uTZqw</latexit><latexit sha1_base64="jbtr+W9vpRfg2saI7YImOblkNik=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcqMCOqu6MZlRccW2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DRy0TRahHJJeqE2BNOYuoBww47cSKYhFw2g7GN9m8/USVZjJ6gElMfYGHEQsZwWCo++e+26/WnIaTl70M3ALUUFGtfvW3N5AkETQCwrHWXdeJwU+xAkY4nVZ6iaYxJmM8pF0DIyyo9tPc6tQ+MczADqUyJwI7Z/9vpFhogWFklFnTc7OMASm5rhsVjETWsmfyu56IoB6IeiZSOtQLRiC89FMWxQnQiMx8hAm3QdpZLPaAKUqATwzARDHzFZuMsMIETHgVk5G7mMgy8M4aVw3n7rzWvC7CKqMjdIxOkYsuUBPdohbyEEFD9Ire0Lv1Yn1Yn9bXTFqyip1DNFfW9x/uTZqw</latexit>

z2
<latexit sha1_base64="ZNKuRe23lzCJMNesh6cRgweKXJI=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcpMEdRd0Y3Lio4W2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DBy0TRahHJJeqE2BNOYuoBww47cSKYhFw+hiMr7P54xNVmsnoHiYx9QUeRixkBIOh7p77zX615jScvOxl4Baghopq96u/vYEkiaAREI617rpODH6KFTDC6bTSSzSNMRnjIe0aGGFBtZ/mVqf2iWEGdiiVORHYOft/I8VCCwwjo8yanptlDEjJdd2oYCSylj2T3/VEBPVA1DOR0qFeMALhhZ+yKE6ARmTmI0y4DdLOYrEHTFECfGIAJoqZr9hkhBUmYMKrmIzcxUSWgddsXDac27Na66oIq4yO0DE6RS46Ry10g9rIQwQN0St6Q+/Wi/VhfVpfM2nJKnYO0VxZ33/v75qx</latexit><latexit sha1_base64="ZNKuRe23lzCJMNesh6cRgweKXJI=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcpMEdRd0Y3Lio4W2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DBy0TRahHJJeqE2BNOYuoBww47cSKYhFw+hiMr7P54xNVmsnoHiYx9QUeRixkBIOh7p77zX615jScvOxl4Baghopq96u/vYEkiaAREI617rpODH6KFTDC6bTSSzSNMRnjIe0aGGFBtZ/mVqf2iWEGdiiVORHYOft/I8VCCwwjo8yanptlDEjJdd2oYCSylj2T3/VEBPVA1DOR0qFeMALhhZ+yKE6ARmTmI0y4DdLOYrEHTFECfGIAJoqZr9hkhBUmYMKrmIzcxUSWgddsXDac27Na66oIq4yO0DE6RS46Ry10g9rIQwQN0St6Q+/Wi/VhfVpfM2nJKnYO0VxZ33/v75qx</latexit><latexit sha1_base64="ZNKuRe23lzCJMNesh6cRgweKXJI=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcpMEdRd0Y3Lio4W2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DBy0TRahHJJeqE2BNOYuoBww47cSKYhFw+hiMr7P54xNVmsnoHiYx9QUeRixkBIOh7p77zX615jScvOxl4Baghopq96u/vYEkiaAREI617rpODH6KFTDC6bTSSzSNMRnjIe0aGGFBtZ/mVqf2iWEGdiiVORHYOft/I8VCCwwjo8yanptlDEjJdd2oYCSylj2T3/VEBPVA1DOR0qFeMALhhZ+yKE6ARmTmI0y4DdLOYrEHTFECfGIAJoqZr9hkhBUmYMKrmIzcxUSWgddsXDac27Na66oIq4yO0DE6RS46Ry10g9rIQwQN0St6Q+/Wi/VhfVpfM2nJKnYO0VxZ33/v75qx</latexit>

z3
<latexit sha1_base64="VwYPdoeVjXkUU912kwmjdymaS+E=">AAACCHicZVBLTsMwFHT4lvIrsGQTUSGxqKoEkIBdBRuWRRBaqY0qx3Vaq3Yc2S9IJeoJEFs4ByvElltwDG6Ak2ZB2ydZbzxvnjWeIOZMg+P8WEvLK6tr66WN8ubW9s5uZW//UctEEeoRyaVqB1hTziLqAQNO27GiWASctoLRTTZvPVGlmYweYBxTX+BBxEJGMBjq/rl31qtUnbqTl70I3AJUUVHNXuW325ckETQCwrHWHdeJwU+xAkY4nZS7iaYxJiM8oB0DIyyo9tPc6sQ+NkzfDqUyJwI7Z/9vpFhogWFolFnTM7OMASm5rhkVDEXWsmfyux6LoBaIWiZSOtRzRiC89FMWxQnQiEx9hAm3QdpZLHafKUqAjw3ARDHzFZsMscIETHhlk5E7n8gi8E7rV3Xn7rzauC7CKqFDdIROkIsuUAPdoibyEEED9Ire0Lv1Yn1Yn9bXVLpkFTsHaKas7z/xkZqy</latexit><latexit sha1_base64="VwYPdoeVjXkUU912kwmjdymaS+E=">AAACCHicZVBLTsMwFHT4lvIrsGQTUSGxqKoEkIBdBRuWRRBaqY0qx3Vaq3Yc2S9IJeoJEFs4ByvElltwDG6Ak2ZB2ydZbzxvnjWeIOZMg+P8WEvLK6tr66WN8ubW9s5uZW//UctEEeoRyaVqB1hTziLqAQNO27GiWASctoLRTTZvPVGlmYweYBxTX+BBxEJGMBjq/rl31qtUnbqTl70I3AJUUVHNXuW325ckETQCwrHWHdeJwU+xAkY4nZS7iaYxJiM8oB0DIyyo9tPc6sQ+NkzfDqUyJwI7Z/9vpFhogWFolFnTM7OMASm5rhkVDEXWsmfyux6LoBaIWiZSOtRzRiC89FMWxQnQiEx9hAm3QdpZLHafKUqAjw3ARDHzFZsMscIETHhlk5E7n8gi8E7rV3Xn7rzauC7CKqFDdIROkIsuUAPdoibyEEED9Ire0Lv1Yn1Yn9bXVLpkFTsHaKas7z/xkZqy</latexit><latexit sha1_base64="VwYPdoeVjXkUU912kwmjdymaS+E=">AAACCHicZVBLTsMwFHT4lvIrsGQTUSGxqKoEkIBdBRuWRRBaqY0qx3Vaq3Yc2S9IJeoJEFs4ByvElltwDG6Ak2ZB2ydZbzxvnjWeIOZMg+P8WEvLK6tr66WN8ubW9s5uZW//UctEEeoRyaVqB1hTziLqAQNO27GiWASctoLRTTZvPVGlmYweYBxTX+BBxEJGMBjq/rl31qtUnbqTl70I3AJUUVHNXuW325ckETQCwrHWHdeJwU+xAkY4nZS7iaYxJiM8oB0DIyyo9tPc6sQ+NkzfDqUyJwI7Z/9vpFhogWFolFnTM7OMASm5rhkVDEXWsmfyux6LoBaIWiZSOtRzRiC89FMWxQnQiEx9hAm3QdpZLHafKUqAjw3ARDHzFZsMscIETHhlk5E7n8gi8E7rV3Xn7rzauC7CKqFDdIROkIsuUAPdoibyEEED9Ire0Lv1Yn1Yn9bXVLpkFTsHaKas7z/xkZqy</latexit>

ztree
<latexit sha1_base64="dBjf+CpSwGrI4obgBuQoM2II8ZM=">AAACFnicZVDLTgIxFO34RHyAunQzkZi4IGQwJuqO6MYlJiIkQEin3IGGdjpp7xhxMh9i3Op3uDJu3foZ/oEdYCFwk+aenntuc3r8SHCDnvfjrKyurW9s5rby2zu7e4Xi/sGDUbFm0GBKKN3yqQHBQ2ggRwGtSAOVvoCmP7rJ5s1H0Iar8B7HEXQlHYQ84IyipXrFwnMv6SA8YYIaIE17xZJX8SblLoPqDJTIrOq94m+nr1gsIUQmqDHtqhdhN6EaOROQ5juxgYiyER1A28KQSjDdZGI8dU8s03cDpe0J0Z2w/zcSKo2kOLTKrJm5WcagUsKUrQqHMmvZM5O7GUu/7MtyJtImMAtGMLjsJjyMYoSQTX0EsXBRuVlIbp9rYCjGFlCmuf2Ky4ZUU4Y2yrzNqLqYyDJonFWuKt7deal2PQsrR47IMTklVXJBauSW1EmDMBKTV/JG3p0X58P5dL6m0hVntnNI5sr5/gNojaDp</latexit><latexit sha1_base64="dBjf+CpSwGrI4obgBuQoM2II8ZM=">AAACFnicZVDLTgIxFO34RHyAunQzkZi4IGQwJuqO6MYlJiIkQEin3IGGdjpp7xhxMh9i3Op3uDJu3foZ/oEdYCFwk+aenntuc3r8SHCDnvfjrKyurW9s5rby2zu7e4Xi/sGDUbFm0GBKKN3yqQHBQ2ggRwGtSAOVvoCmP7rJ5s1H0Iar8B7HEXQlHYQ84IyipXrFwnMv6SA8YYIaIE17xZJX8SblLoPqDJTIrOq94m+nr1gsIUQmqDHtqhdhN6EaOROQ5juxgYiyER1A28KQSjDdZGI8dU8s03cDpe0J0Z2w/zcSKo2kOLTKrJm5WcagUsKUrQqHMmvZM5O7GUu/7MtyJtImMAtGMLjsJjyMYoSQTX0EsXBRuVlIbp9rYCjGFlCmuf2Ky4ZUU4Y2yrzNqLqYyDJonFWuKt7deal2PQsrR47IMTklVXJBauSW1EmDMBKTV/JG3p0X58P5dL6m0hVntnNI5sr5/gNojaDp</latexit><latexit sha1_base64="dBjf+CpSwGrI4obgBuQoM2II8ZM=">AAACFnicZVDLTgIxFO34RHyAunQzkZi4IGQwJuqO6MYlJiIkQEin3IGGdjpp7xhxMh9i3Op3uDJu3foZ/oEdYCFwk+aenntuc3r8SHCDnvfjrKyurW9s5rby2zu7e4Xi/sGDUbFm0GBKKN3yqQHBQ2ggRwGtSAOVvoCmP7rJ5s1H0Iar8B7HEXQlHYQ84IyipXrFwnMv6SA8YYIaIE17xZJX8SblLoPqDJTIrOq94m+nr1gsIUQmqDHtqhdhN6EaOROQ5juxgYiyER1A28KQSjDdZGI8dU8s03cDpe0J0Z2w/zcSKo2kOLTKrJm5WcagUsKUrQqHMmvZM5O7GUu/7MtyJtImMAtGMLjsJjyMYoSQTX0EsXBRuVlIbp9rYCjGFlCmuf2Ky4ZUU4Y2yrzNqLqYyDJonFWuKt7deal2PQsrR47IMTklVXJBauSW1EmDMBKTV/JG3p0X58P5dL6m0hVntnNI5sr5/gNojaDp</latexit>

z1
<latexit sha1_base64="jbtr+W9vpRfg2saI7YImOblkNik=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcqMCOqu6MZlRccW2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DRy0TRahHJJeqE2BNOYuoBww47cSKYhFw2g7GN9m8/USVZjJ6gElMfYGHEQsZwWCo++e+26/WnIaTl70M3ALUUFGtfvW3N5AkETQCwrHWXdeJwU+xAkY4nVZ6iaYxJmM8pF0DIyyo9tPc6tQ+MczADqUyJwI7Z/9vpFhogWFklFnTc7OMASm5rhsVjETWsmfyu56IoB6IeiZSOtQLRiC89FMWxQnQiMx8hAm3QdpZLPaAKUqATwzARDHzFZuMsMIETHgVk5G7mMgy8M4aVw3n7rzWvC7CKqMjdIxOkYsuUBPdohbyEEFD9Ire0Lv1Yn1Yn9bXTFqyip1DNFfW9x/uTZqw</latexit><latexit sha1_base64="jbtr+W9vpRfg2saI7YImOblkNik=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcqMCOqu6MZlRccW2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DRy0TRahHJJeqE2BNOYuoBww47cSKYhFw2g7GN9m8/USVZjJ6gElMfYGHEQsZwWCo++e+26/WnIaTl70M3ALUUFGtfvW3N5AkETQCwrHWXdeJwU+xAkY4nVZ6iaYxJmM8pF0DIyyo9tPc6tQ+MczADqUyJwI7Z/9vpFhogWFklFnTc7OMASm5rhsVjETWsmfyu56IoB6IeiZSOtQLRiC89FMWxQnQiMx8hAm3QdpZLPaAKUqATwzARDHzFZuMsMIETHgVk5G7mMgy8M4aVw3n7rzWvC7CKqMjdIxOkYsuUBPdohbyEEFD9Ire0Lv1Yn1Yn9bXTFqyip1DNFfW9x/uTZqw</latexit><latexit sha1_base64="jbtr+W9vpRfg2saI7YImOblkNik=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcqMCOqu6MZlRccW2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DRy0TRahHJJeqE2BNOYuoBww47cSKYhFw2g7GN9m8/USVZjJ6gElMfYGHEQsZwWCo++e+26/WnIaTl70M3ALUUFGtfvW3N5AkETQCwrHWXdeJwU+xAkY4nVZ6iaYxJmM8pF0DIyyo9tPc6tQ+MczADqUyJwI7Z/9vpFhogWFklFnTc7OMASm5rhsVjETWsmfyu56IoB6IeiZSOtQLRiC89FMWxQnQiMx8hAm3QdpZLPaAKUqATwzARDHzFZuMsMIETHgVk5G7mMgy8M4aVw3n7rzWvC7CKqMjdIxOkYsuUBPdohbyEEFD9Ire0Lv1Yn1Yn9bXTFqyip1DNFfW9x/uTZqw</latexit>

z2
<latexit sha1_base64="ZNKuRe23lzCJMNesh6cRgweKXJI=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcpMEdRd0Y3Lio4W2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DBy0TRahHJJeqE2BNOYuoBww47cSKYhFw+hiMr7P54xNVmsnoHiYx9QUeRixkBIOh7p77zX615jScvOxl4Baghopq96u/vYEkiaAREI617rpODH6KFTDC6bTSSzSNMRnjIe0aGGFBtZ/mVqf2iWEGdiiVORHYOft/I8VCCwwjo8yanptlDEjJdd2oYCSylj2T3/VEBPVA1DOR0qFeMALhhZ+yKE6ARmTmI0y4DdLOYrEHTFECfGIAJoqZr9hkhBUmYMKrmIzcxUSWgddsXDac27Na66oIq4yO0DE6RS46Ry10g9rIQwQN0St6Q+/Wi/VhfVpfM2nJKnYO0VxZ33/v75qx</latexit><latexit sha1_base64="ZNKuRe23lzCJMNesh6cRgweKXJI=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcpMEdRd0Y3Lio4W2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DBy0TRahHJJeqE2BNOYuoBww47cSKYhFw+hiMr7P54xNVmsnoHiYx9QUeRixkBIOh7p77zX615jScvOxl4Baghopq96u/vYEkiaAREI617rpODH6KFTDC6bTSSzSNMRnjIe0aGGFBtZ/mVqf2iWEGdiiVORHYOft/I8VCCwwjo8yanptlDEjJdd2oYCSylj2T3/VEBPVA1DOR0qFeMALhhZ+yKE6ARmTmI0y4DdLOYrEHTFECfGIAJoqZr9hkhBUmYMKrmIzcxUSWgddsXDac27Na66oIq4yO0DE6RS46Ry10g9rIQwQN0St6Q+/Wi/VhfVpfM2nJKnYO0VxZ33/v75qx</latexit><latexit sha1_base64="ZNKuRe23lzCJMNesh6cRgweKXJI=">AAACCHicZVDLSgMxFM3UV62vqks3g0VwUcpMEdRd0Y3Lio4W2qFk0kwbmkyG5I5Qh36BuNXvcCVu/Qs/wz8wM52FbS+Ee3LuueHkBDFnGhznxyqtrK6tb5Q3K1vbO7t71f2DBy0TRahHJJeqE2BNOYuoBww47cSKYhFw+hiMr7P54xNVmsnoHiYx9QUeRixkBIOh7p77zX615jScvOxl4Baghopq96u/vYEkiaAREI617rpODH6KFTDC6bTSSzSNMRnjIe0aGGFBtZ/mVqf2iWEGdiiVORHYOft/I8VCCwwjo8yanptlDEjJdd2oYCSylj2T3/VEBPVA1DOR0qFeMALhhZ+yKE6ARmTmI0y4DdLOYrEHTFECfGIAJoqZr9hkhBUmYMKrmIzcxUSWgddsXDac27Na66oIq4yO0DE6RS46Ry10g9rIQwQN0St6Q+/Wi/VhfVpfM2nJKnYO0VxZ33/v75qx</latexit>

z3
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Syntax  
Model

Figure 2: Depiction of proposed generative model. The syntax model is composed of discrete random variables, zi. Each ei

is a latent continuous embeddings sampled from Gaussian distribution conditioned on zi, while xi is the observed embedding,
deterministically derived from ei. The left portion depicts how the neural projector maps the simple Gaussian to a more
complex distribution in the output space. The right portion depicts two instantiations of the syntax model in our approach: one
is Markov-structured and the other is DMV-structured. For DMV, ztree is the latent dependency tree structure.

ping interspersed regions in the embedding space,
evident in Figure 1(a).

In our approach, we propose to learn a new
latent embedding space as a projection of pre-
trained embeddings (depicted in Figure 1(b)),
while jointly learning latent syntactic structure –
for example, POS categories or syntactic depen-
dencies. To this end, we introduce a new gener-
ative model (shown in Figure 2) that first gener-
ates a latent syntactic representation (e.g. a de-
pendency parse) from a discrete structured prior
(which we also call the “syntax model”), then,
conditioned on this representation, generates a se-
quence of latent embedding random variables cor-
responding to each word, and finally produces the
observed (pre-trained) word embeddings by pro-
jecting these latent vectors through a parameter-
ized non-linear function. The latent embeddings
can be jointly learned with the structured syntax
model in a completely unsupervised fashion.

By choosing an invertible neural network as
our non-linear projector, and then parameterizing
our model in terms of the projection’s inverse,
we are able to derive tractable exact inference
and marginal likelihood computation procedures
so long as inference is tractable in the underlying
syntax model. In §3.1 we show that this derivation
corresponds to an alternate view of our approach
whereby we jointly learn a mapping of observed
word embeddings to a new embedding space that
is more suitable for the syntax model, but include
an additional Jacobian regularization term to pre-
vent information loss.

Recent work has sought to take advantage
of word embeddings in unsupervised generative

models with alternate approaches (Lin et al., 2015;
Tran et al., 2016; Jiang et al., 2016; Han et al.,
2017). Lin et al. (2015) build an HMM with Gaus-
sian emissions on observed word embeddings, but
they do not attempt to learn new embeddings. Tran
et al. (2016), Jiang et al. (2016), and Han et al.
(2017) extend HMM or dependency model with
valence (DMV) (Klein and Manning, 2004) with
multinomials that use word (or tag) embeddings
in their parameterization. However, they do not
represent the embeddings as latent variables.

In experiments, we instantiate our approach us-
ing both a Markov-structured syntax model and
a tree-structured syntax model – specifically, the
DMV. We evaluate on two tasks: part-of-speech
(POS) induction and unsupervised dependency
parsing without gold POS tags. Experimental re-
sults on the Penn Treebank (Marcus et al., 1993)
demonstrate that our approach improves the ba-
sic HMM and DMV by a large margin, lead-
ing to the state-of-the-art results on POS induc-
tion, and state-of-the-art results on unsupervised
dependency parsing in the difficult training sce-
nario where neither gold POS annotation nor
punctuation-based constraints are available.

2 Model
As an illustrative example, we first present a base-
line model for Markov syntactic structure (POS in-
duction) that treats a sequence of pre-trained word
embeddings as observations. Then, we propose
our novel approach, again using Markov structure,
that introduces latent word embedding variables
and a neural projector. Lastly, we extend our ap-
proach to more general syntactic structures.

I Jointly learn discrete syntactic structure and continuous word
representations (semantic).

I Latent embedding e, pretrained embeddings x and invertible
function fφ(e).

I Training with normalizing flow helps induce better parsers.

[He et al. 2018, Jin et al. 2019]



Summary on Parameter Learning of Generative Approaches

I Structure learning is hard. Parameter learning is much easier
and draws more attention.

I A typical generative model in unsupervised dependency
parsing: DMV

I Three different kinds of representations: table-based,
feature-based and neural based methods.

I EM algorithm is one of standard approach to learn the
grammar parameter, which MLE objectives.

I Recently, directly gradient descent is more popular.

I Many improvements for MLE: viterbi likelihood, MAP
estimation, contrastive estimation.

I Posterior regularization is a useful approach to encode
knowledge.

I Many technologies can improve avoiding local minimum.
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